Abstract. Sieg and Wegner showed that the stable exact sequences define a maximal exact structure (in the sense of Quillen) in any pre-abelian category [14] . We generalize this result for weakly idempotent complete additive categories.
Introduction
Several notions of exact categories have been defined in the literature, see Barr [2] , Heller [4] , Quillen [9] or Yoneda [16] . They provide a suitable setting for developping a relative homological algebra, and have important applications in different fields such as algebraic geometry, algebraic and functional analysis, algebraic K-theory etc. (e.g., see [3] for further details).
We shall consider here the concept of exact additive category defined by Quillen [9] and refined by Keller [6] . In any additive category, the class of all split exact sequences defines an exact structure, and this is the smallest exact structure. On the other hand, the other extreme, namely the class of all kernel-cokernel pairs, defines an exact structure provided the category is quasi-abelian [11] , but fails to define an exact structure in arbitrary additive categories (see the example in [12] ).
Recently, Sieg and Wegner [14] showed that the stable exact sequences in the sense of [10] define a maximal exact structure in any pre-abelian category, i.e. an additive category with kernels and cokernels. We shall generalize this result to weakly idempotent complete additive categories, i.e. additive categories in which every section has a cokernel, or equivalently, every retraction has a kernel (e.g., see [3] ). Clearly, every pre-abelian category is weakly idempotent complete additive. But there are significant examples of weakly idempotent complete categories which are not pre-abelian. For instance, using the terminology from [8] , any finitely accessible additive category which is not locally finitely presented is weakly idempotent complete, but not pre-abelian (see Example 2.1 below). Let us also point out that the assumption on the additive category to be weakly idempotent complete is rather mild. This is because every additive category has an idempotent-splitting completion, also called Karoubian completion (see [5, p. 75] ), which in turn is weakly idempotent complete [3] .
Preliminaries
Throughout the paper we shall use the setting of an additive category C. In this section we give examples of weakly idempotent complete additive categories which are not pre-abelian, and we introduce the needed terminology.
2.1. Examples. Following the terminology from [8] , an additive category C is called finitely accessible if it has direct limits, the class of finitely presented objects is skeletally small, and every object is a direct limit of finitely presented objects. Also, C is called locally finitely presented if it is finitely accessible and cocomplete (i.e., it has all colimits), or equivalently, it is finitely accessible and complete (i.e., it has all limits).
Example 2.1. (1) Let C be a finitely accessible additive category which is not locally finitely presented. For instance, take the category of flat right modules over a ring which is not left coherent (see [8] ). Then C is weakly idempotent complete, but not pre-abelian. Indeed, since C is finitely accessible, it has split idempotents [1, 2.4] , and so it is weakly idempotent complete [3] . On the other hand, a finitely accessible category is locally finitely presented if and only if it has cokernels [8, Corollary 3.7] . Hence C is not pre-abelian.
(2) Any triangulated category is weakly idempotent complete additive, and its maximal exact structure is the trivial one. Hence it is pre-abelian if and only if it is semi-simple (in the sense that every morphism factors into a retraction followed by a section).
(3) Any non-abelian category of finitely presented modules over a ring is weakly idempotent complete additive, but not pre-abelian. It has cokernels, hence split idempotents, but not enough kernels.
2.2. Pullbacks. We shall need the following two results on pullbacks, whose duals for pushouts hold as well. 
Then the left square is a pullback if and only if so is the rectangle.

Lemma 2.3. [10, Theorem 5] Let d : B → C and h : C ′ → C be morphisms such that d has a kernel i : A → B, and the pullback of d and h exists. Then there is a commutative diagram
in which the right square is a pullback and i ′ : A → B ′ is the kernel of d ′ .
Stable exact sequences.
The following special kernels and cokernels will be of fundamental importance for our topic. We extend their definition from the setting of pre-abelian categories, as given in [10] , to arbitrary additive categories. Definition 2.4. A cokernel d : B → C is called a semi-stable cokernel if the pullback of d along an arbitrary morphism h : C ′ → C exists and is again a cokernel, i.e. there is a pullback square Let us note some useful remarks, whose dual versions hold as well.
Remark 2.5. (i) Every semi-stable cokernel d : B → C has a kernel (namely, its pullback along the morphism 0 → C). Hence every semi-stable cokernel is the cokernel of its kernel (e.g., by the dual of [15, Chapter IV, Proposition 2.4], whose proof works in arbitrary additive categories).
(ii) The pullback of a semi-stable cokernel along an arbitrary morphism exists and is again a semi-stable cokernel by Lemma 2.2.
(iii) Every isomorphism is a semi-stable cokernel.
2.4. Exact categories. We shall consider the following concept of exact category given by Quillen [9] and refined by Keller [6] . [E0] The identity morphism 1 0 : 0 → 0 is a deflation.
[E1] The composition of two deflations is again a deflation.
[E2] The pullback of a deflation along an arbitrary morphism exists and is again a deflation.
[E2 op ] The pushout of an inflation along an arbitrary morphism exists and is again an inflation.
Note that the duals of the axioms [E0] and [E1] hold as well (see [6] ). Some examples of exact categories are the following.
Example 2.7. (1) It is well-known that in any additive category the split short exact sequences define an exact structure, and this is the minimal one.
(2) Recall that an additive category is called quasi-abelian if it is pre-abelian (i.e. it has kernels and cokernels), the pushout of any kernel along an arbitrary morphism is a kernel, and the pullback of any cokernel along an arbitrary morphism is a cokernel. In any quasi-abelian category the short exact sequences define an exact structure, and this is the maximal one [11] .
(3) In any pre-abelian category the stable exact sequences define an exact structure, and this is the maximal one [14] .
The maximal exact structure
In this section we shall extend the main result of [14] from pre-abelian categories to weakly idempotent complete additive categories. We shall state and prove some essential results on semi-stable cokernels. Note that their dual versions for semi-stable kernels hold as well. The setting will be that of an additive category C, if not specified otherwise.
The following result is modelled after [10, Theorem 2]. We include a proof for completeness. 
We claim that pd = Coker(g). Let u : B → E be a morphism such that ug = 0. Since ui = 0 and d = Coker(i), there is a unique morphism v : C → E such that vd = u. Since vhd ′ = 0 and d ′ is an epimorphism, we have vh = 0. But p = Coker(h), and so there is a unique morphism w : D → E such that wp = v. Now we have wpd = u. The fact that p is an epimorphism ensures the uniqueness of such a morphism w with wp = v. Therefore, pd = Coker(g).
In order to get the pullback of an arbitrary morphism k : F → D and pd : B → D, construct the pullback of k and p : C → D, and then the pullback of the resulting morphism and d : B → C. Both of them yield semi-stable cokernels by Remark 2.5. Now the pullback of pd along an arbitrary morphism exists by Lemma 2.2, and it is the resulting rectangle. Moreover, by the first part of the proof, it is a cokernel as the composition of two semi-stable cokernels.
Lemma 3.2. The direct sum of two semi-stable cokernels is a semi-stable cokernel.
Proof. Let d : B → C and d ′ : B ′ → C ′ be semi-stable cokernels. Consider the pullback square Recall that an additive category is called weakly idempotent complete if every retraction has a kernel (equivalently, every section has a cokernel) (e.g., see [3] ). The next result will be a key step in the proof of our main theorem. It generalizes [ Proof. We first show that p has a kernel. Since pd is a semi-stable cokernel, there is a pullback square
The pullback property implies the existence of a morphism r : B → L such that tr = d and qr = 1 B . Hence q is a retraction, and thus, by assumption, it has a kernel l : C ′ → L. Using again the pullback property, it follows easily that h = tl : C ′ → C is the kernel of p. Now let g : B ′ → B be the kernel of pd. Since pd is a semi-stable cokernel, we have pd = Coker(g). We obtain the following commutative left diagram:
We claim that the right diagram is a pullback. To this end, let α : E → C and β : E → B be morphisms such that pα = pdβ. Since p(dβ − α) = 0 and h = Ker(p), there is a unique morphism δ : E → C ′ such that dβ − α = hδ. Then it is easy to check that β −δ is the unique morphism [ We claim that p = Coker(h). Let w : C → F be a morphism such that wh = 0. Since wdg = 0 and pd = Coker(g), there is a morphism t : D → F such that tpd = wd. It follows that (tp − w) [ d h ] = 0, whence we have tp = w, because [ d h ] is an epimorphism. Since p is an epimorphism, we have the uniqueness of the morphism t : D → F such that tp = w. Hence p = Coker(h). Now let c : G → D be a morphism. We shall show that there exists the pullback of p and c. We may write [ p 0 ] as the composition of the following morphisms:
/ / D The first and the third morphisms are isomorphisms, and so they are semi-stable cokernels. The second morphism is a semi-stable cokernel by Lemma 3.2. The last morphism is a semi-stable cokernel by Corollary 3.3. Therefore, their composition [ p 0 ] is also a semi-stable cokernel by Proposition 3.1. Hence [ p 0 ] and c have a pullback square as follows:
, by the pullback property there is a unique morphism δ : B → Y such that
] and γδ = 0. In particular, β ′ δ = 1 B , and so β ′ is a retraction. Since C is weakly idempotent complete, β ′ has a kernel, say i : K → Y . Let us show now that the following square Now consider the pullback of pd and c, say
The pullback property of p and c implies the factorization of γ ′ through γi. Since pd is a semi-stable cokernel, so is γ ′ . Moreover, by Lemma 2.3 γi has a kernel, because p has a kernel. Then γi must be a cokernel by an argument similar to the first part of the proof. Hence p is a semi-stable cokernel. Now we are in a position to prove our main result, which generalizes [14, Theorem 3.3] . Having prepared the setting, we shall follow a similar path as in the cited result, slightly simplifying the proof of axiom [E1].
Theorem 3.5. Let C be a weakly idempotent complete additive category. Then the stable exact sequences define an exact structure on C. Moreover, this is the maximal exact structure on C.
Proof. [E0] This is clear. [E2] Let
→ C be a stable exact sequence, and let h : C ′ → C be a morphism. Since d is a semi-stable cokernel, we may consider the pullback of d and h, and by Lemma 2.3 we have
